On Hamiltonian approach on 3+1-dimensional space-time by Bliokh, K. Yu.
2Q+DPLOWRQLDQDSSURDFKRQGLPHQVLRQDOVSDFHWLPH
.<X%OLRNK
,QVWLWXWHRI5DGLR$VWURQRP\.UDVQR]QDP\RQQD\DVW.KDUNRY8NUDLQH
'HSDUWPHQWRI3K\VLFV%DU,ODQ8QLYHUVLW\5DPDW*DQ,VUDHO
7KHSDSHUSURSRVHVDGLPHQVLRQDOJHQHUDOL]DWLRQRIWKH+DPLOWRQHTXDWLRQVRIPRWLRQWRWKHFDVHRIWKH0LQNRZVNLVSDFHWLPH7KHDSSURDFKFDQEHDSSOLHGWRTXDQWXPDVZHOODVWRFODVVLFDOQRQUHODWLYLVWLFDVZHOODVUHODWLYLVWLFSUREOHPV&RPPRQO\WKH+DPLOWRQLDQIRUPDOLVPLVLQWURGXFHGE\PHDQVRIDV\PSOHFWLFVWUXFWXUHRQWKH GLPHQVLRQDO FRRUGLQDWH VSDFH DQG WKH FRQMXJDWHG GLPHQVLRQDOPRPHQWXP VSDFH ZLWKSRVVLEOHGHSHQGHQFHRISDUDPHWHUVRQDQDGGLWLRQDOFRRUGLQDWHRI WLPHVHHIRU LQVWDQFH>@6XFK DSSURDFKLVDFFHSWHGLQQRQUHODWLYLVWLFDVZHOODVLQUHODWLYLVWLFSUREOHPVZKHUHWKHXVHRIWKH XQLILHG GLPHQVLRQDO VSDFHWLPH DQG GLPHQVLRQDO PRPHQWXP LV PRUH QDWXUDO DQGSUHIHUDEOH%HVLGHVWKHGLPHQVLRQDOIRUPRIWHQVLPSOLILHVWKHUHSUHVHQWDWLRQRISUREOHPVZLWKDQHOHFWURPDJQHWLFILHOG0HDQZKLOHDQLPPHGLDWHJHQHUDOL]DWLRQRIWKH+DPLOWRQHTXDWLRQVWR
GLPHQVLRQDOIRUPLVLPSRVVLEOH LWOHDGVWRDFRQWUDGLFWLRQLQWKHHQHUJ\HTXDWLRQVHHEHORZ,Q WKLV VKRUW FRPPXQLFDWLRQZHSUHVHQW D VLPSOH DQG ODFRQLFPRGLILFDWLRQRI WKH+DPLOWRQLDQIRUPDOLVPIRUWKH0LQNRZVNLVSDFHZLWKDFRQMXJDWHGPRPHQWXPHQHUJ\VSDFH
/HWXVFRQVLGHUWKH0LQNRZVNLVSDFHWLPHZLWK      VLJQDWXUH:HLQWURGXFHTXDQWXP
RSHUDWRUVRIFRQWUDYDULDQWFRRUGLQDWHV   U UD  U DQGRIFRYDULDQWFDQRQLFDOO\FRQMXJDWHG
PRPHQWXP   S SD  S  $WWKDW U FW{  W LVWKHWLPH S F ({  ( LVWKHHQHUJ\RSHUDWRU
DQG WKHPRPHQWXPRSHUDWRUFDQEHUHSUHVHQWHGDV

U
S L DD   w=  
7KXV WKHHQHUJ\RSHUDWRU ( LVQRWD+DPLOWRQLDQEXWRSHUDWRU WL w=  7KLVSURYLGHVFDQRQLFDOFRPPXWDWLRQUHODWLRQVEHWZHHQFRRUGLQDWHVDQGPRPHQWXPFRPSRQHQWV
 U S LD DE EGª º  ¬ ¼ =  
ZKHUH DEG LVWKH.URQHFNHUV\PERO
/HW XV LQWURGXFH QRZ D SK\VLFDO V\VWHP LQ ZKDW IROORZV  D SDUWLFOH GHVFULEHG E\ D
+DPLOWRQLDQ     + + U S + UD DD { S DQG D ZDYH IXQFWLRQ\  :LWK WKH TXDQWLWLHV GHILQHG
DERYH WKH 6FKU|GLQJHU HTXDWLRQ ZH WDON DERXW WKH 6FKU|GLQJHU HTXDWLRQ LQ WKH ZLGH VHQVHDVVXPLQJ WKDW WKH 'LUDF 0D[ZHOO HWF HTXDWLRQV DOVR FDQ EH UHSUHVHQWHG LQ VXFK IRUP
WL +\ \w  =  WDNHVWKHIRUP
 > @ + S F \   
+HQFH HQHUJ\RSHUDWRU S F HTXDOVWKH+DPLOWRQRSHUDWRUZKHQDSSOLHGWRWKHZDYHIXQFWLRQDQG WKH6FKU|GLQJHU HTXDWLRQ  KDV WKH VHQVH RI D FRQVWUDLQW LPSRVHG RQ WKH V\VWHP /HW XV
GHILQH RSHUDWRU /  ZKLFK FDQ QDWXUDOO\ EH UHIHUUHG WR DV WKH PRGLILHG +DPLOWRQLDQ RI WKHV\VWHP
      U S + U S FD DD  S/  
:LWKWKLVRSHUDWRUWKH6FKU|GLQJHUHTXDWLRQWDNHVDODFRQLFIRUP
 \  /  D
1RZZHLQWURGXFHWKH+DPLOWRQHTXDWLRQVRIPRWLRQIRUWKHSDUWLFOH,QWKHTXDQWXPFDVHWKHVHDUHWKH+HLVHQEHUJHTXDWLRQV
(PDLONBEOLRNK#PDLOUX
> @L + U U
=
 > @L + S S
=
 
ZKHUH GRWVWDQGVIRUWKHIXOOGHULYDWLYHZLWKUHVSHFWWR W  (TXDWLRQVFDQQRWEHJHQHUDOL]HGWR
D GLPHQVLRQDOIRUPLPPHGLDWHO\ZLWKXVXDO+DPLOWRQLDQ +  VLQFHHTXDWLRQ   LU U +ª º  ¬ ¼ =
OHDGV WR D FRQWUDGLFWLRQ W    +RZHYHU WKLV FDQ EH GRQH ZLWK WKH KHOS RI WKH PRGLILHG
+DPLOWRQLDQ/  ,QGHHGOHWXVZULWHGRZQHTXDWLRQV
 LU UD Dª º  ¬ ¼ = /  > @LS SD D  = /  :LWK(TVDQGWDNHQLQWRDFFRXQWVSDFHFRPSRQHQWVRI(TVDUHHTXLYDOHQWWRWKHWUDGLWLRQDO+HLVHQEHUJHTXDWLRQVZKHUHDVWKHWLPHFRPSRQHQWV\LHOG
 W     WS F +  w  7KH ILUVW HTXDWLRQ  LV HYLGHQWO\ WUXH DQG OLIWV WKH DERYHPHQWLRQHG FRQWUDGLFWLRQZKLOH WKHPHDQLQJRIWKHVHFRQGHTXDWLRQEHFRPHVFOHDULQWKHVHPLFODVVLFDOOLPLW,Q WKH VHPLFODVVLFDO OLPLW ZKHQ WKH SDUWLFOH KDV WKH IRUP RI D SURSDJDWLQJZDYH SDFNHWZKRVHFHQWHUFRUUHVSRQGVWRWKHFODVVLFDOSDUWLFOHWKH6FKU|GLQJHUHTXDWLRQDDQG+DPLOWRQHTXDWLRQVJLYHULVHUHVSHFWLYHO\WRWKHGLVSHUVLRQHTXDWLRQ
   UD DS  /  RU  + UDH   S  
DQG WRWKHFDQRQLFDO+DPLOWRQHTXDWLRQVRIFODVVLFDOPHFKDQLFV
 U
D
D
S w /  UDDS  w /  
+HUH   FDS H  S LVWKHPRPHQWXPRIWKHFRUUHVSRQGLQJFODVVLFDOSDUWLFOHH LVWKHHQHUJ\
RI WKH FODVVLFDO SDUWLFOH LWV FRQQHFWLRQ ZLWK WKH TXDQWXP SDUWLFOH LV UHDOL]HG WKURXJK WKH GH
%URJOLHFRUUHVSRQGHQFH ND DS  =  ZKHUH   N FD Z  N LVWKHZDYHYHFWRURIWKHFHQWHURI
WKH ZDYH SDFNHW Z LV WKH IUHTXHQF\ 'LVSHUVLRQ HTXDWLRQ  DV ZHOO DV WKH 6FKU|GLQJHUHTXDWLRQDSOD\VWKHUROHRIDFRQVWUDLQWZKLFKUHVWULFWVWKHPRWLRQWRDGLPHQVLRQDOK\SHU
VXUIDFH LQ WKH GLPHQVLRQDO SKDVH VSDFH  UD DS VHH >@ 6SDFH FRPSRQHQWV RI (TV
UHSUHVHQW FODVVLFDO +DPLOWRQ HTXDWLRQV ZLWK WKH XVXDO +DPLOWRQLDQ +  WKH WLPH ]HURFRPSRQHQW RI WKH ILUVW (T FRLQFLGHVZLWK WKH ILUVW (T DQG WKH ]HUR FRPSRQHQW RI WKHVHFRQG (TUHVXOWVLQ
 W+H  w  7KLV HTXDWLRQ LV ZHOONQRZQ LQ FODVVLFDO PHFKDQLFV VHH IRU LQVWDQFH >@ LW UHSUHVHQWV WKHHQHUJ\YDULDWLRQODZLQDQRQFRQVHUYDWLYHV\VWHP7KXVZHKDYHDJRRGJURXQGWRUHJDUGWKHTXDQWXP HTXDWLRQDVWUXHDQGVLPLODUWR(TLQWKHPHDQLQJ,QSDUWLFXODULQWKHFDVHRI
WKH FRQVHUYDWLYH V\VWHP LH ZKHQ WKH +DPLOWRQLDQ LV LQGHSHQGHQW IURP W  (TV DQG UHVXOW LQWKHHQHUJ\FRQVHUYDWLRQODZ
  S H    7KH SURSRVHGDSSURDFKLVQDWXUDOO\JHQHUDOL]HGWRWKHFDVHZKHQDQH[WHUQDOJDXJHILHOGLVSUHVHQW WKDW KDV EHHQ XVHG LQ SDSHUV >@$W WKDW TXDQWXPHTXDWLRQV  FRQVHUYH WKHLU IRUPZKLOH VHPLFODVVLFDO (TV DFTXLUH DGGLWLRQDO ILHOG WHUPV GXH WR QRQWULYLDO FRPPXWDWRUV RI
YDULDEOHV LQ WKH SUHVHQFH RI D JDXJH ILHOG )RU LQVWDQFH IRU D SDUWLFOH ZLWK FKDUJH H LQ DQ
H[WHUQDO HOHFWURPDJQHWLF ILHOG ZLWK WHQVRU )DE  >  @ HS S L )FD E DE =  DQG VHPLFODVVLFDO PRWLRQHTXDWLRQVUHDG
 U
D
D
S w /  U H ) UFD ED DES  w  /  ,QVXPPDU\ZHKDYHFRQVWUXFWHGDODFRQLF+DPLOWRQLDQIRUPDOLVPRQWKHGLPHQVLRQDOVSDFHWLPH7KLVDSSURDFKFDQEHXVHGLQQRQUHODWLYLVWLFDVZHOOLQUHODWLYLVWLFTXDQWXPDVZHOO
DV FODVVLFDO SUREOHPV7KHSULQFLSDO VWHSZKLFK HQDEOHVRQH WR UHYHDO DQDWXUDO GLPHQVLRQDOJHQHUDOL]DWLRQ RI WKH +DPLOWRQ HTXDWLRQV RI PRWLRQ LV WKH LQWURGXFWLRQ RI WKH PRGLILHG+DPLOWRQLDQWKDWLQFOXGHVDQH[SOLFLWGHSHQGHQFHRQWKH]HURFRPSRQHQWRIWKHPRPHQWXPRSHUDWRUHQHUJ\,QVXFKIRUPDOLVPWKHHQHUJ\RSHUDWRULVQRWWKH+DPLOWRQLDQEXWWKHRSHUDWRURISDUWLDOGLIIHUHQWLDWLRQZLWKUHVSHFWWRWLPH7KHVHRSHUDWRUVFRLQFLGHRQO\RQWKHZDYHIXQFWLRQRIWKHSDUWLFOHDQGWKLVFRQVWUDLQWLVQRWKLQJHOVHEXWWKH6FKU|GLQJHUHTXDWLRQD ,WLVZRUWKQRWLQJWKDWDQDQDORJRXV+DPLOWRQLDQIRUPDOLVPZLWK]HURYDOXHG+DPLOWRQLDQLVFRPPRQO\XVHGLQWKHJHRPHWULFDORSWLFVRIVPRRWKO\LQKRPRJHQHRXVPHGLDVHHIRULQVWDQFH>@, DP JUDWHIXO WR6&=KDQJ IRU GUDZLQJP\ DWWHQWLRQ WR5HI7KHZRUNZDV SDUWLDOO\VXSSRUWHG E\ ,17$6 *UDQW 1R  DQG E\8NUDLQLDQ 3UHVLGHQW¶V *UDQW IRU <RXQJ6FLHQWLVWV*3)
5()(5(1&(6
 9,$UQROG0DWKHPDWLFDOPHWKRGVRIFODVVLFDOPHFKDQLFV1HZ<RUN6SULQJHU 6=DNUHZVNL - 3K\V$0DWK*HQ  /'/DQGDXDQG(0/LIVKLWV0HFKDQLFV3HUJDPRQ2[IRUG <X  UDYWVRYDQG<X, UORY*HRPHWULFDO2SWLFVRI,QKRPRJHQHRXV0HGLXP6SULQJHU9HUODJ%HUOLQ .<X%OLRNK DQG <X3%OLRNK $QQ 3K\V 1<  LQ SUHVV >TXDQWSK@.<X%OLRNKTXDQWSK
